Abstract. Let R be a commutative ring, Y ⊆ Spec(R) and h Y (S) = {P ∈ Y : S ⊆ P }, for every S ⊆ R. An ideal I is said to be an H Y -ideal whenever it follows from h Y (a) ⊆ h Y (b) and a ∈ I that b ∈ I. A strong H Y -ideal is defined in the same way by replacing an arbitrary finite set F instead of the element a. In this paper these two classes of ideals (which are based on the spectrum of the ring R and are a generalization of the well-known concepts semiprime ideal, zideal, z • -ideal (d-ideal), sz-ideal and sz • -ideal (ξ-ideal)) are studied. We show that the most important results about these concepts, "Zariski topology", "annihilator" and etc can be extended in such a way that the corresponding consequences seems to be trivial and useless. This comprehensive look helps to recognize the resemblances and differences of known concepts better.
Introduction
The concept of z-ideal, first studied in the rings of continuous functions as an ideal I of C(X) that Z(f ) ⊆ Z(g) and f ∈ I implies that g ∈ I, see [12] . Then this concept studied more generally for the commutative rings, in [18] , as an ideal I of R that whenever two elements of R are contained in the same family of maximal ideals and I contains one of them, then it follows that I contains the other one. If we use (Z(f ))
• ⊆ (Z(g))
• instead of the above inclusion relation and the minimal prime ideals instead of the maximal ideals in the above definitions, then we obtain the concept of z
• -ideal (d-ideal) in C(X) and the commutative rings, which are introduced and carefully studied in [9, 10, 15] . The concepts of z-ideal and z
• -ideal can be generalized to the concepts of sz-ideal and sz
• -ideal (ξ-ideal), respectively, based on the finite subsets of the ideals instead of the single points in the ideal, and are studied in [3, 7, 18] .
In this paper, we define and carefully study the H Y -ideals and the strong H Yideals which are a generalization of all of the above concepts. It is not difficult to see that a large amount of the results of the above mentioned papers and generally the papers in the literature about these topics, are special cases of the results of this paper.
In the next section we recall some pertinent definitions. In Section 3, we define, characterize and give examples of H Y -ideals, strong H Y -ideals and Y -Hilbert ideals and study their relations. We give new characterizations of z
• -ideals and sz
• -ideals. It is shown that the minimal prime ideals over a (strong) H Y -ideal is again (strong) H Y -ideals and so every (strong) H Y -ideal is the intersection of minimal prime (strong) H Y -ideals containing it. In C(X) the concepts of H Y -ideals and strong H Y -ideals coincide and the conditions under which these two classes of ideals coincide in an arbitrary ring is also considered in this section. The family of all h Y (F )'s, where F is an arbitrary finite subset of R, is closed under the finite intersection and union, hence it forms a distributive lattice. The study of (minimal prime, prime and maximal) filters of this distributive lattice and their correspondence with the (minimal prime, prime and maximal) strong H Y -ideals of R is the subject of Section 4. Section 5 is devoted to propositions which generates a rich source of examples of H Y -ideals, strong H Y -ideals and Y -Hilbert ideals. For example if I is a (strong) H Y -ideal, then (J : I) and I A are (strong) H Y -ideals, where A is a multiplicatively closed subset of R disjoint from I. Moreover we give characterizations of Von Neumann regular rings, according to the (strong) H Yideals. In Section 6 we answer the natural questions that arise about the product, contraction, extension and quotients of (strong) H Y -ideals and Y -Hilbert ideals. In the last section we characterize certain (strong) H Y -ideals over or contained in an arbitrary ideal. For example for every ideal I, the smallest (strong) H Y -ideal containing I exists and is shown by I H (I SH ). We give a precise characterization of these ideals and their properties.
Preliminaries
In this article, any ring R is commutative with unity. A semiprime ideal is an ideal which is an intersection of prime ideals. The set of all ideals of R is denoted by I(R). For each ideal I ∈ I(R) and each element a of R, we denote the ideal {x ∈ R : ax ∈ I} by (I : a). When I = 0 we write Ann(a) instead of ( 0 : a) and call this the annihilator of a. A prime ideal P containing an ideal I is said to be a minimal prime over I, if there is no any prime ideal strictly contained in P that contains I. Spec(R), Min(R), Max(R), Rad(R) and Jac(R) denote the set of all prime ideals, all minimal prime ideals, all maximal ideals of R and their intersections, respectively. By Min(I) we mean the set of minimal prime ideals over I. In fact Min( 0 ) = Min(R). A ring R is said to be reduced if Rad(R) = 0 . If Jac(R) = 0 , then we call R semiprimitive. The socle of a ring R is the sum of all minimal ideals of R.
A prime ideal P is called a Bourbaki associated prime divisor of an ideal I if (I : x) = P , for some x ∈ R. We denote the set of all Bourbaki associated prime divisors of an ideal I by B(I). We use B(R) instead of B( 0 ). A representation I = P ∈P P of I as an intersection of prime ideals is called irredundant if no P ∈ P may be omitted. Let I be a semiprime ideal, P • ∈ Min(I) is called irredundant with respect to I, if I = P• =P ∈Min(I) P . If I is equal to the intersection of all irredundant with respect to I, then we call I a fixed-place ideal, exactly, by [2, Theorem 2.1], we have I = B(I).
In this paper, all Y ⊆ Spec(R) is considered by Zariski topology; i.e., by assuming as a base for the closed sets of Y , the sets h Y (a) where h Y (a) = {P ∈ Y : a ∈ P }. Hence, closed sets of Y are of the form h Y (I) = a∈I h Y (a) = {P ∈ Y : I ⊆ P }, for some ideal I in R. Also, we set h c Y (I) = Y \h Y (I). For any subset S of Y , we show the kernel of S by k(S) = P ∈S P and we have S = cl Y S = h Y k(S). When Y = Spec(R), we omit the index Y and when Y = Max(R) (Y = Min(R)) we write M (m) instead of Y in the index. By these notations, for every S ⊆ R, we can use the notations kh m (S) and kh M (S) instead of P S and M S (which is usually used in the context of C(X)), respectively. We use the following well-known lemma frequently, one may see [17, First, for a set A, we contract that F(A) is the set of all finite subsets of A. Recall that a ring of sets is a collection of subsets of some set A which is closed under the finite unions and intersections. A ring of sets is obviously a distributive lattice. Now, for a ring R, we denote the collection {h Y (F ) : F ∈ F(R)} = {h Y (I) : I is a finitely generated ideal of R} by H Y . Since for arbitrary ideals I and
also since the sum and the product of two finitely generated ideals are finitely generated, H Y is a ring of sets and so it is a bounded distributive lattice. We call a filter of the distributive lattice H Y an H Y -filter on Y . Note that all prime H Y -filters and all H Y -ultrafilters are assumed to be proper filters. Now suppose that F is an H Y -filter on Y ⊆ Spec(R) and I is an ideal of R. We denote {h Y (S) : S ∈ F(I)} and {a ∈ R : h Y (a) ∈ F } by H Y (I) and H −1 Y (F ), respectively. Lemma 3.1. Let I be an ideal of a ring R, F be an H Y -filter on Y ⊆ Spec(R) and F be a finite subset of R. The following statements hold.
(a) h Y (F ) ∈ F if and only if
, where F 1 and F 2 are finite subsets of I. Clearly F 1 ∪ F 2 is a finite subset of I and consequently
where F 2 is a finite subset of R. Clearly, F 1 F 2 = {s 1 s 2 : s 1 ∈ F 1 and s 2 ∈ F 2 } is a finite subset of I and
Note that for a proper ideal I, H Y (I) is not necessarily a proper H Y -filter; for example if Y = Min(R) and a proper ideal I contains a non zero-divisor then 
, it is follows, by using the same technique as (c ⇒ d).
( 
that a ∈ I. Obviously, if Y = Max(R), then the concepts of H Y -ideal, strong H Y -ideal and Y -Hilbert ideal coincide with the concepts of z-ideal, sz-ideal and Hilbert ideal in the literature, respectively, see [3] and [19] . Also, if Y = Min(R), then the concepts of H Y -ideal and strong H Y -ideal coincide with the concepts of z
• -ideal (also known as d-ideal) and sz
• -ideal (also known as ξ-ideal), respectively, see [3] , [9] , [10] , [7] , [15] , [18] . 
Naturally, in this paper we were about to study other classes of ideals, close to H Y -ideals and strong H Y -ideals, using interior in the right-hand side of the inclusion in their definitions. For example, for H Y -ideal (strong H Y -ideal) case, it springs to mind to consider the ideals that it follows from (h Y (x))
•
• ) and x ∈ I (F ⊆ I) that a ∈ I. But as one can observe below, we realized that if Y ⊆ Spec(R) and k(Y ) = 0 , then these kind of ideals coincide with the z
• -ideals (resp., sz • -ideals). The following lemma is an improvement of [7, Proposition 1.1], without the redundant condition Min(R) ⊆ Y .
Proof. By Lemma 2.1, we have
Suppose that X, Y ⊆ Spec(R). Clearly, k(X) = k(Y ) if and only if hk(X) = hk(Y ); in the other words X = Y if and only if X = Y . Also, assume that X is a topological space and dense in T . We know that if W is an open subset of T , then cl T (W ∩ X) = cl T W ; equivalently, if A is a closed subset of T , then int X (A ∩ X) = (int T A) ∩ X. By these facts we have the following lemma which is an improvement of [7, Theorem 2.3] .
Lemma 3.8. Let X, Y ⊆ Spec(R) and k(X) = Rad(R). Then the following are equivalent:
If k(Y ) = 0 , then the above statements are equivalent to the following statement.
Proof. Without loss of generality we can suppose that
, it follows that Y is dense in X and so for every S, T ⊆ Y , we have
The converse is clear.
Proof. Suppose that P ∈ Min(R), it easy to show that F ⊆ P if and only if b / ∈ P exists such that bF ⊆ Rad(R). Then
By the above lemmas we give new characterizations of z • -ideals and sz • -ideals in the following proposition. • ⊆ h Y (a) that a ∈ I; if and only if for every finite subset F of I,
Proof. We prove one part and the other parts have similar proofs. By Proposition 3.4, I is a sz • -ideal if and only if for every finite subset F of I, h m (F ) ⊆ h m (a) implies that a ∈ I; if and only if for every finite subset F of I, (h m (F ))
• ⊆ h m (a) implies that a ∈ I, by Lemma 3.9. Now Lemma 3.8 concludes that this is equivalent to say, for every finite subset
Finally in the following improvement of [3 
, then the following statements are equivalent:
Proof. It has a same proof as [3, Proposition 2.9].
We use the following lemma frequently.
The following theorem and corollary show that the prime (strong) H Y -ideals play a vital role in the study of the (strong) H Y -ideals.
Proof. From Lemma 3.12, it follows that I is a semiprime ideal. Now suppose that F is a finite subset of P , so there is some b / ∈ P such that bF ⊆ I, thus
The other part has a similar proof.
The above theorem concludes the following corollary, immediately. (
a) An ideal I is a (strong) H Y -ideals if and only if it is an intersection of minimal prime (strong) H Y -ideals over I. (b) Every proper maximal (strong) H Y -ideal is a prime (strong) H Y -ideal.
We turn our attention now to considering the situations under which strong H Y -ideals and H Y -ideals coincide. A ring R is said to have the h Y -property if for every a, b ∈ R, there is some
Clearly, this is equivalent to say that for any finite subset F of R, there is some c ∈ R such that h Y (F ) = h Y (c). Clearly, if Y ⊆ Spec(R) and R satisfies h Y -property (for example if R is Bézout domain), then the family of all H Y -ideals and the family of all strong H Y -ideals coincide. Also, the same fact is true in C(X), since for every prime ideal P of C(X), we havef 2 + g 2 ∈ P if and only if f, g ∈ P and consequently
, for every Y ⊆ Spec(C(X)) and every f, g ∈ C(X). However, in Example 3.17, we show that the converse of this fact is not true.
Recall that a ring R is said to satisfy annihilator condition (is called an a.c. ring), if for each finite set F ⊆ R there is some c ∈ R such that Ann(F ) = Ann(c). If k(Y ) = 0 and R has h Y -property, then R is an a.c. ring. To see this, suppose a, b ∈ R are given, then there exists some
Therefore using Lemma 2.1 we have, 
Clearly, for every x ∈ R, we have Ann(x + I) = Example 3.17. Suppose that X = Spec(R) and Y = Min(R). In [14, Example 3.3] , a ring R is given which does not satisfy annihilator condition, so R does not satisfy h Y -property, by Proposition 3.15. Thus R does not satisfy h X -property, whereas the family of all H X -ideals coincides with the family all strong H X -ideals.
Correspondence between H Y -filters and strong H Y -ideals
In this section we study the relation and the correspondence between the strong H Y -ideals, the H Y -ideals and the H Y -filters. First recall that if E and F are two partial ordered sets, then an order preserving mapping f : E → F is said to be residuated whenever there exists an order preserving mapping g : F → E such that id E ≤ gf and id F ≥ f g; moreover, g is unique and it is called the residual of f . The set of all
In the following proposition we state the properties of the mappings H Y and H 
(b). The first part is readily verified. Using Lemma 3.1(a), for every finite subset F of R we have In the following theorem we try to present a correspondence between prime (maximal) strong H Y -ideals and prime (maximal) H Y -filters. Since H Y is a distributive lattice and a filter is a dual of an ideal, clearly, we have the following facts. 
Corollary 4.6. Let Y ⊆ Spec(R). Every H Y -filter F is the intersection of all minimal prime H Y -filters over F
By this fact that for each semiprime ideal I, P ∈ Min(I) if and only if for each a ∈ P , there is some b / ∈ P such that ab ∈ I, the following proposition and corollary conclude from Theorem 3.1 and the previous corollary. 
Y (F )). (b) If I is a strong H Y -ideal, then P ∈ Min(I) if and only if H Y (P ) ∈
Min(H Y (I)).
Proof. (a ⇒).
Let P • be a minimal prime ideal over the strong
Y (P). By Theorem 3.13, P • is a strong H Y -ideal and hence by Theorem 4.3, 
(a) F ′ is an H T -filter on T . (b) F is a prime H Y -filter on Y if and only if F ′ is a prime H T -filter on T . (c) F is an H Y -ultrafilter on Y if and only if F
′ is an H T -ultrafilter on T .
Proof. It is straightforward.
Proposition 4.11. Suppose R ′ is a subring of a ring R and Y ⊆ Spec(R), then
for every H Y -filter F . The following statements hold.
is a maximal (strong) H Y ′ -ideal if and only if there is some maximal (strong) H
Proof. The proof is straightforward.
Some important classes of H Y -ideals, strong H Y -ideals and Y -Hilbert ideals
In this section, we give propositions which generate a numerous class of H Yideals, strong H Y -ideals and Y -Hilbert ideals. Recall that, associated with each ideal I, there exists the ideal m(I) = {a ∈ R : a = ai for some i ∈ I} = i∈I Ann(1 − i) and associated with each prime ideal P , there is the ideal O P = {a ∈ R : ab = 0 for some b / ∈ P } = a / ∈P Ann(a). m(I) and O P are called the quasi-regular part of I and the P component of the zero, respectively. Also an ideal I of R is called pure if I = m(I). It is easy to check that when a union of (strong) H Y -ideals is an ideal, then the union is also a (strong) H Y -ideal. We refer to [18, 4, 5] for more detailed information about these classes of ideals. The following facts show that if the zero ideal is a (strong) H Y -ideal, then Ann(I), m(I) and O P are (strong) H Y -ideals, where I and P are an arbitrary ideal and a prime ideal of R, respectively. Proof. Suppose that F is a finite subset of (J : Recall that a ring R is called Gelfand, if every prime ideal is contained in a unique maximal ideal. Also, a ring R is called weakly regular, if every non-zero ideal contains a non-zero idempotent element. The following proposition shows that a considerable class of ideals are strong H Y -ideal. Recall that for every multiplicatively closed subset A and any ideal I of a ring R with A ∩ I = ∅, we can define the ideal I A = {r ∈ R : ra ∈ I for some a ∈ A} = a∈A (I : a) = a∈A (I : a).
Proposition 5.4. Suppose that Y ⊆ Spec(R). If A is multiplicatively closed set and I is a (strong) H Y -ideal of R with
Proof. Since A ∩ I = ∅, 1 / ∈ a∈A (I : a) = I A is a proper ideal. By Proposition 5.1, (I : a) is a (strong) H Y -ideal, for every a ∈ A. Clearly, {(I : a)} a∈A is a directed family of (strong) H Y -ideals and since the union of a directed family of (strong) H Y -ideals is also a (strong) H Y -ideal, it follows that I A = a∈A (I : a) is a (strong) H Y -ideal. A which is an intersection of minimal prime ideals is a strong H Y -ideal. Thus, if A is a round subset of βX (i.e., from
In the sequel we focus on answering this question that "What happens when all the ideals of a ring are either strong H Y -ideals or H Y -ideals?", which gives another characterizations of regular rings. First we give the following lemma which is easy to prove.
(g) ⇒ (h). By the hypothesis the zero ideal is a Y -Hilbert and this implies that k(Y ) = 0 . Also by the assumption, every ideal of R is semiprime and consequently R is a regular ring.
(h) ⇒ (a). Sine R is regular, for every ideal I of R we have I = m(I) and so by Remark 5.5, the result follows.
(a) ⇒ (k) ⇒ (l). They are trivial.
(l) ⇒ (h). It is well-known and easy to be verified that if in a reduced ring every essential ideal is a semiprime ideal then it is a regular ring. So by Lemma 3.12, we are done.
In the above proposition if we take either Max(R) ⊆ Y or Min(R) ⊆ Y , then we can add the assertions: "every ideal of R is a Y -Hilbert ideal" and " Every essential ideal of R is a Y -Hilbert ideal". In the following example we show that this is not true in general.
Example 5.9. Suppose that R = C(N), Y = B(R) and M is a maximal ideal of R. Since the zero ideal of R is a fixed-place ideal, by [1, Theorem 4.7] , it follows that there is an ultrafilter
Thus M is a strong H Y -ideal. Since R is regular ring, every ideal of R is an intersection of maximal ideals and therefore every ideal is a strong
Corollary 5.10. Let Y be a finite subset of Spec(R). If I is an ideal of R, then the following statements are equivalent.
Proof. It suffices to show (a) ⇒ (c). To see this, suppose that I is an H Y -ideal. Since Y is finite, by prime avoidance theorem, there exists some
Therefore, I = kh Y (I) and so I is a Y -Hilbert ideal.
Operations on H Y -ideals, strong H Y -ideals and Y -Hilbert ideals
As the title of this section shows, it is devoted to considering quotients, products, homomorphic images of H Y -ideals, strong H Y -ideals and Y -Hilbert ideals.
We shall note that, a product of H Y -ideals (resp., strong H Y -ideals and YHilbert ideals) is not necessarily an H Y -ideal (resp., a strong H Y -ideal and a YHilbert ideal). For instance, if we set R = Z and Max(R) ⊆ Y ⊆ Spec(R) then for every prime number p, the ideal J = pZ is a strong H Y -ideal while J 2 = p 2 Z is not even a semiprime ideal. In general we have the following proposition.
Proposition 6.1. Let R be a ring and
The same statements hold for H Y -ideals and Y -Hilbert ideals.
Proof. By Lemma 3.12, it is clear.
Let f : R → R ′ be a ring homomorphism and I and J be ideals of R and R ′ , respectively. Then I e and J c denote the extension and the contraction of the ideals I and J, (i.e., f (I) and f −1 (J)), respectively. In the following proposition we study the contraction of (strong) H Y -ideals and Y -Hilbert ideals under a ring homomorphism. Proof. (⇒). Suppose that J is a strong H Y -ideal of R ′ . If F 1 and F 2 are two arbitrary subsets of R which h X (F 1 ) = h X (F 2 ) and F 1 ⊆ J c , then Proof. If we take the identity mapping from (R, Y ) to (R, X) and apply Proposition 6.2, then they conclude.
Proof. We just prove the part concerned with the strong H Y -ideal. The part concerned with the H X -ideal has a same proof. ⇒) Clearly, I • is a strong H X -ideal and therefore
• is a strong H Y -ideal and therefore every element of Min(I • ) is a strong H Y -ideal, hence every element of X is a strong H Y -ideal and therefore each strong H X -ideal is a strong H Y -ideal, by Corollary 6.4. Proof. It is easy to see that I ec = I A and so by Proposition 5.4 we are done.
Certain (strong) H Y -ideals over or contained in an ideal
This section is about the particular (strong) H Y -ideals related to an ideal. First we study the maximal (strong) H Y -ideals, then the smallest (strong) H Y -ideal containing an ideal are characterized. As we will see that some of the results hold for Y -Hilbert ideals too. For convenience we use some notations. Let E be a partial ordered set. By maxl(E), we mean the set of all maximal elements of E. Also if R is a ring, Y ⊆ Spec(R) and A ⊆ I(R), we denote by SH Y ( (a) For every ideal
Proof. We just prove the part concerned with the strong H Y -ideal. The part concerned with the H X -ideal has a same proof. (a). By using Zorn's lemma, it implies immediately. (b). If P is an H Y -ideal, then it is clear. Now suppose that P is not an H Yideal, by part (a), Q ∈ maxl(H Y (↓ P )). Since P is not an H Y -ideal, by Corollary 3.14, P / ∈ Min(Q), so Q ′ ∈ Min(Q) exists such that Q ′ ⊆ P . Now Corollary 3.14, deduces that Q ′ is an H Y -ideal, so Q = Q ′ is prime, by maximality of Q.
(c). It is clear by part (b).
In the following example we show that maxl(P SH Y [I, J]) need not be a proper maximal strong H Y -ideal, even if J is a maximal ideal. Clearly, if Y = Max(R), then the concepts of I H and I SH coincide with the concepts of I z and I sz , respectively. See [3] and [19] for more detailed information about these concepts. Also, if Y = Min(R), then the concepts of I H and I SH coincide with the concepts of I z • (also known as I • and I
• ) and I sz • (also known as ζ(I)-ideal), respectively. We refer to [3] , [9] , [10] , and [18] , for more information about these concepts. Finally if Y = Spec(R), then the concepts of I H and I SH and √ I coincide. It is clear that I H ⊆ I SH .
Proposition 7.5. Let Y ⊆ Spec(R) and I and J be two ideals of R. Then the following statements hold:
Y H Y (J) = J, so the first equality holds. On the other hand, since I SH is a strong H Y -ideal, the set H = {a ∈ R : ∃F ∈ F(I), h Y (F ) ⊆ h Y (a)} is a subset of I SH . Since H contains I, to show the second equality it is enough to prove that H is a strong H Y -ideal. Let a, b ∈ H, so there exist finite subsets F 1 and F 2 of I such that
where F = {x 1 , x 2 , . . . , x n } is a finite subset of H, then for each 1 i n, there exists a finite set
. Now, suppose that P is a prime H Y -ideal containing (IJ) H (resp., a prime strong H Y -ideal containing (IJ) SH ). Then clearly I ⊆ P or J ⊆ P and so I H ⊆ P or J H ⊆ P (resp., I SH ⊆ P or J SH ⊆ P ) and consequently, I H ∩ J H ⊆ P (resp., I SH ∩ J SH ⊆ P ).
(d). It is clear.
Recall that a ring R satisfies property A, if each finitely generated ideal of R consisting of zero-divisors has a non-zero annihilator (equivalently every finitely generated ideal with a zero annihilator contains a non zero-divisor, known as Condition C in [20] ). As it is stated in [10] To see this, suppose that λ∈Λ I λ = R, then by the hypothesis there is a strong H Y -ideal containing λ∈Λ I λ and so ( λ∈Λ I λ ) SHY = R. Therefore, λ∈Λ (I λ ) SHY ⊆ ( λ∈Λ (I λ ) SHY ) SHY = ( λ∈Λ (I λ )) SHY = R. We shall note that the same statements hold for the case H Y -ideals.
